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Abstract.Expressionsforthe mass quadrupolemomenttensor in the modelfor a widevarietyofastrophysical
objects are shown to be identicalin form. This makes it possible to obtain analytical expressions for the
gravitational radiation emittedby the sources, as well as the angular distribution,polarizationdependence,
and the wave forms of the radiation.
1. Introduction
With the expected rapid advance in detector technology for gravitational waves (Amaldi,
1980; Blair, 1980; Lipa, 1980; Richard, 1980; Weber and Hirakawa, 1981; Hellings,
1981; Smarr et aL, 1983; Shapiro and Teukolsky, 1983) it becomes increasingly important to have reliable calculations not just for the energy radiated, but also for the
angular/polarization dependence and wave forms. The latter would provide detailed
information on the dynamics and symmetry of the source and can also be used to
discriminate between rival theories of gravitation, obviously reasons behind the suggestion of Thorne and Braginski (1976) for a comprehensive cataloguing of wave forms
for various astrophysical sources.
Instead of carrying out the calculation for a specific case, we find that for a large class
of realistic situations, the expressions for the mass quadrupole tensor all have the same,
relatively simple, form (see Section 2). We were able then to obtain a simple, analytic,
formula for the radiation from these sources, as well as explicit expressions for the
radiation pattern, polarization dependence and the wave form. This should be useful
in considerations for detector design and identification of the sources under study.
2. Formulation
Consider a source of gravitational radiation characterized by a mass quadrupole moment
tensor D=~ of the form

(D~) =

1 D22
0

)

(1)

with respect to a set of fixed inertial axes (Xl, x2, x3). In an actual physical setting, the
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x3-direction could assume the invariant one of the angular momentum or the rotation.
No such physical meaning is assigned to the x 1- and x2-axes. D~/~is defined by
D~/~ = f p(x) (3x~xa - x 2 b,a) dx,

(2)

where summation over repeated indices is understood hereinafter (unless otherwise
stated) and the various symbols have their usual meaning. It is obvious from
Equation (2) that D~B = D/~ and D ~ ----0.
The waves can be taken to be plane in view of the typically large distance between
the source and the observer. The two independent polarization states can then be best
represented in the Transverse Traceless (TT) gauge (see, e.g., Misner et aL, 1973) by the
three-dimensional symmetric, unit polarization tensor e~a satisfying the relations
e ~ = O,

e~ant3= 0,

e~ae~a= 1,

(3)

where n is a unit vector in the direction of propagation of the wave. The expressions
for the intensity of radiation of a given polarization into solid angle df~ can then readily
obtained (Landau and Lifshitz, 1975)
d/-

G

(D.ae~a) 2 df~ (no summation).

(4)

72~c 5
The total intensity for all polarization states can be obtained by taking the sum of
Equation (4) applied to the different polarization or by usingthe alternative, but completely
equivalent expression
d/-

G
1 "'"
2
1""2
......
32zrc5 [3(D~an~np) + ~D~I3 - D , a D ~ n a n r ] d O .

(5)

The total rate of radiation in all directions, then, can be obtained by simply integrating
Equation (5), over all directions, leading to the familiar result
d~_ G ( b ~ ) 2 .
dt 45c 5

(6)

The wave forms of the radiation received by an observer at distance r (>> dhnension
of the source) depend of course on the relative (angular) orientation between the
observer and the source. In general, for an observer specified by the vector r making
an angle 0o with the x3-axis and q~o with the xx-axis, the two polarization states can
be characterized by the following expressions for the two non-vanishing components of
the perturbation to the galilean metric (cf. Landau and Lifshitz, 1975)
h• = hoo~

2G ...
3c4r Door

(7)
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(8)

where Doo~,o, Doooo; and D~o~o are the physical components of D o projected along the
directions of the spherical unit vectors %~ and %0- There exists canonical procedure for
obtaining these components (see, e.g., Synge and Schild, 1949) and we simply quote here
the results: i.e.,
Doo~o = cos 0o [89 sin 2~Po(D22 - Dll) + cos 240 D12 ],

(9)

Dooo~ = coS20o(Dll COS2(p0 + D22 sin2 ~bo + D12 sin2cpo) + D33 Sin2 00 ; (10)

and
D4~~ = D l l sin2 qSo + D22 COS2(p0 -- D12 sin2q~o.

(11)

With the expressions given by Equations (9)-(1 1) we can readily obtain the explicit
formulae for the intensity of radiation in the two polarization states as
dI 1

G

df~

367zc5

{89

- D'll) sin2~po + LJ12 (c~

(Po - sin2 q)o)}2 cos2 0o (12)

and
dI 2 _
G
{Dll (c~
d~q 144~zc5

00 cos2 qSo - sin2 q~o) + D22 ( c0S2 00 sin2 ~bo - cos2 40) 4

+ D12 sin2~o(1 + cos20o) + D3a sin2 0o}2 9

(13)

In those cases where the system is rapidly rotating about the x3-axis, it is appropriate
to average over q~o (equivalently, one rotation period) when we have

(14)

d/l; = G
[1(1~22 -- ~ ] 1 ) 2 + ~122 ] COS200 '
dr2/ 727rc5
_
fdI2;
\dfU

G

144rrcs

,'"2 + 2 ~ 2 3 + ,
{c0s4 00 [3(]~j2 1 + ]~222 + 2012

+ cos20o[/51~2 _ ,

4DllO22)] +
.

.

.

.

.

.

"2 + b222) _ 4~323 _ 5DllD22]
a(D11
3 ......
+

3 "'21 + ]~22) + ~D12
1""2 + 26323+ ~D
+ w
1"" 1lJ~22) "

(15)

We have verified that the sum of Equations (14) and (15) gives a result identical to that
obtained from Equation (5), as it should.

3. Application
A large class of realistic astrophysical systems turns out to have a D~, of the form given
in Equation (1). These include, for example, binary systems, rotating ellipsoidal objects
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and pulsating/rotating ellipsoids. The latter case, for large amplitude pulsation, corresponds of ocurse to explosion and collapse, and requires tedious numerical computation
even though the basic formulae are the ones given in Section 2. It has been discussed
elsewhere in detail (Saenz and Shapiro, 1979; Beltrami and Chau, 1984) and will,
therefore, not be considered here.
3.1.

A N G U L A R AND POLARIZATION DEPENDENCE

Equations (14) and (15) were applied to the case of a self-gravitating two-body system
and the results of Landau and Lifshitz (1975) were recovered, thus offering a control
check on the accuracy of these expressions.
For the case of a rigid, uniform density ellipsoid of mass M and semi-major axes al,
a2, a3 rotating with an angular velocity co about the x3-axis, we have (cf. Chau, 1967):
t
Dll = D~ a cos2 cot + D22
sin 2 cot,

D 1 2 = ~1 sin2cot(D,11 _ D22)
' ,

t
!
De2 = Dl1
sin 2 cot + D22
cos 2 cot,

D33 = D 3'3 , 9

(16)

where the D~.'s are the quadrupole moment tensor in the body axes of the ellipsoid, given
by
Di'e = 89

(17)

- a~,a~,)

and
t

D o. = 0

Vi•j.

With Equations (16) and (17), from Equations (14) and (15) we readily obtain
dI 1

GM2co 6

dO

50rcc 5

dI 2

GM2CO 6

df~

50rcc 5

(aa2 - a~) 2 4 cos 2 0o ,

(18)

(a~ - a~) 2 (1 + 2 cosZ0o + cos40o).

(19)

and

The intensity I over all polarization is, of course, given by
d/
dfl

-

dI 1 + d/2
dO

;

dO

which yields the following for the total energy radiated per sec
dE
dt

f d ~ dO

32 GM2CO 6 (a~
125
c5

a2) 2 ,

(20)

in agreement with known results (Chin, 1965; Chau, !967). It is also obvious that
dI 1/d~2 = dle/df~ = 0 for al = a2 as was to be expected.
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For an incompressible spherical fluid mass of density p and radius R undergoing small
amplitude axisymmetric oscillation, we can describe the boundary surface by (Chau,
1967)

r(O) = R(1 + e2P2(0) + "'" + ct,P,(O)),

(21)

where the a,'s are functions of time and the Pn's are Legendre polynomials. The Do.'s
are readily calculated,

Dij =

V i e j,

0

Dll

= D22 =

- 5 D1 3 3

.,

(22)

with

8zcPR5 F
D33-

5

10~nZn(n + 1 )
Le2+.=22 ( 2 n - 1)(2n+ 1 ) ( 2 n + 3 )

+ Z 3 0 ~ n + a ( n + 1)(n + 2)
.=2 (2n + 1)(2n + 3)(2n + 5)

+

+ "l.

This then yields
dI1 -

0

(23)

d~
and
d/2 _ 9 G (/~33)2( 1 _ 2 cos20 ~ +
df~ 872rcc s

cos40o) .

(24)

Equation (24) when integrated over all angles again gives us back the expected expression for dE/dr (Chau, 1967). We remark that all the radiation is in only one polarization
mode, which is true for all axisymmetric systems, as is obvious from Equation (14).
Furthermore, for such systems, the angular distribution is always of the form
(1 - 2 cos20o + cos 40), as is also obvious from Equation (24).
For the more interesting case of a uniform density (p) sphere Of radius R and mass
m, undergoing pulsation with a zero-th order (radial mode) frequency %, but perturbed
by a rotation f~, we have (Chau, 1967)
D33 = - - - zcp0u~5 cos
15
o \4

7-5,/ ~

'

(25)

where 7 is the ratio of the specific heats and ~ is a dimensionless constant characterizing
the Lagrangian displacement ~r = ~r exp(i%0.
By use of(25), the expressions for the angular distribution of the energy in the different
polarization modes can again be readily obtained. Thus we have
d/1 - 0
dr2

(26)
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and
9

m2~2R4a6o

(45

7200

~c 5

\47-

d12_

dO

~)2 (f~212
\~"-o] X

x (1 - 2 cos20o + cos40o).

(27)

An integration over all angles yields an expression for (dE/d0 that agrees, as it should,
with the corresponding ones given by Chau (1967).
3.2.

WAVE

FORMS

The expressions for the wave forms can be worked out explicitly for a given source with
the aid of Equations (7) and (8) for h• and h+, together with Equations (9)-(11) for
the D~'s. We make use of the freedom of rotation about the x3-axis so that the observer
is on the x 1 X3 plane, i.e., q~o can be set equal to 0. We then readily obtain from
Equations (7)-(11) the relations
-

-

2G
h • = hoo~

-

3rc 4

h + = hoooo = - h ~

J~12 COS0o

(28)

- c [(D~2 - D , , ) + (D~, - 0 3 3 ) sin2 0o]

= 3rc~

(29)

For two-point masses ml, m2 in circular orbit of radius a and frequency co, we have
h• -

-4G

/za2o92 sin2~Ocos 0o

(30)

/,124

and
h+ = _ __2G#aZogZ cos2~( 1 + cose0o),

(31)

rc 4

where # is the reduced mass, and d ~ / d t = o9.
For the rotating ellipsoid discussed in Section 3.1, we have
h • -

4G

M o 9 2 ( a 2 - a 2)

sin 2~ COS0o

(32)

5rc 4

and
2G

h+ = - -Mo92(a 2 - a22)cos2~O(1
5rc 4

+ cos20o).

(33)

For the non-radially pulsating sphere, or indeed for any axisymmetric system, we have
h• = 0

(34)
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and

h+ -

G

/)33 sin20o,

(35)

2rc 4

with D33 given by Equation (22).
Equations (34) and (35) are of course also valid for the case o f the rotationally
perturbed, radially pulsating sphere discussed in Section3.1, with D33 given by
Equation (25).

4. Conclusions
We have shown that a large class of model sources believed to be efficient emitters of
gravitational waves has a mass quadrupole m o m e n t that readily admits analytic expressions for the angular distributions, polarization dependence and wave amplitudes. The
expressions were worked out explicitly for several realistic, astrophysical systems and
add to the catalogue of wave form calculations considered useful for gravitational wave
astronomy.
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